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Abstract 



We compare two C*-algebras that have been used to study the essen- 
1 ^ , tial spectrum. This is done by considering a simple second order elliptic 

\ differential operator acting in L^(R''^), which is affiliated with one or 

both of the algebras depending on the behaviour of the coefficients. 
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2 ■ 1 Introduction 

In the last few years several papers have been written showing that many of 
^ \ the operators arising in quantum theory lie in one of two C*-algebras, which we 

call T> and each of which contains a wealth of closed two-sided ideals. The 
ideals are defined by considering the asymptotic behaviour of the operators 
concerned in various directions at infinity. The ideals allow one to subdivide 
the essential spectrum of operators in either algebra into various geometrically 
specified parts. The key papers in this context include P [S] and other papers 
cited there. 
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In this paper we compare the C*-algebras V and under the assumption that 
they are contained in where "H = L^(R^, d^x). The algebra V is defined 
to be the set of all A G C(l-i) such that 

lim||VfcAVlfc-A|| =0 (1) 

where Vkf{x) = e*^'^/(x) and k G R^. Equivalently Vk = e*'^'^ where Q is the 
position operator. The algebra £ is the set of all A E V satisfying the further 
conditions 

\im\\UsA- A\\ =0, \im\\UsA* - A*\\ =0. (2) 

where Usf{x) = f{x + s) and s G R^. Equivalently Ug = e**'^ where P is the 
momentum operator. One may also write S = C xi G, which is the C*-algebra 
associated with the action of the group G of all space translations Ug on the 
algebra C of all uniformly continuous bounded functions on R-^; see [11] for 
details. Note that S contains every operator of the form f{Q)g{P) where f E C 
and g G Co(R^). 

The algebras V and S play a remarkable role in the description of the essential 
spectrum of partial differential operators, cf. [HI E]- For example, consider the 
following natural question: under what conditions is the essential spectrum 
aess{H) of a self-adjoint operator H on L^(R^) determined by its 'asymptotic 
operators', obtained as limits at infinity of its translates? More precisely, we 
say that is an asymptotic operator of H if there is a sequence c„ G R^ with 
\cn\ — )• oo such that Uc„HU*^ converges in strong resolvent sense to H^. We 
refer to [HI E] for recent results on this question and for other references and 
note the following simple answer given in [8] : if if is affiliated with S then 

aUH) = U (r{H^), (3) 
where IJ means the closure of the union. 

Although one may also use V to study the essential spectrum, the identity 
([3]) need not hold for operators in V. For example, if (p lies in the space Cq 
of continuous functions vanishing at infinity, then G V and the only 

asymptotic limit of (p{Q) is 0, but the essential spectrum of (j){Q) is the closure 
of the range of 0. We will see that similar phenomena occurs for differential 
operators; see Theorem M and Section O In this context it is relevant that if 
(j) E C then G V but 4>{Q) ^ £ unless = 0. In particular the identity 

operator does not lie in S. 

It might be thought that the failure of for P rules out the use of V to 
investigate the essential spectrum of operators, but this is not the case. The 
paper [6] associates a closed two-sided ideal J's with every non-empty open 
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subset S in (or the relevant underlying space) and then defines <7s{A) for 
every A G P to be the spectrum of the image of A in the quotient algebra 
Dj Js- It is shown in [6l Theorem 18] that Js contains all compact operators 
on L^(R^, d^x), but the same proof implies that it contains for all G Cq. 
Indeed Js contains all operators in D that have compact support in on 
the left and the right in a certain natural sense; see [SI Lemma 12]. U A E V 
then <7s{A) captures that part of the essential spectrum of A that is associated 
with a 'direction' at infinity determined by the set S. We explain this idea in 
more detail in Theorem [T6l 

This paper aims to clarify the role that the two algebras play in connection 
with certain second order elliptic differential operators; the methods can be 
adapted to higher order operators under suitable assumptions. The simplest 
results that we obtain are Theorems 1, 2 and 3 below. We also present some 
further theorems that involve variations of the technical assumptions needed 
to treat more general differential operators; see particularly Section [61 



We start by considering the Friedrichs extension of a non-negative symmetric 
operator Hq defined on C^(R^) by 



{Hof){x) = -V ■ (aV/)(x) = -a{x)Af{x) - Va{x) ■ V/(x). (4) 



More precisely let a : R^ — )■ (0, oo) be a function and let Qo denote the 
quadratic form associated with Hq. It is defined on C^(R^) by 



The form Qo is closable in L^(R^) and its closure Q is associated with a non- 
negative self-adjoint operator H, called the Friedrichs extension of Hq. We say 
that H is affiliated with V (or with S) if {H + al)~^ lies in the relevant algebra 
for some, or equivalently all, a > 0. 

Under the assumptions above our main theorems are as follows. 

Theorem 1 // there exists a constant c > such that if < a{x) < c for all 
X G R^ then A = {H + al)~^ satisfies (QP for all a > 0, so H is affiliated with 



Theorem 2 // there exists a constant c > such that c < a{x) < oc for all 
a; G R^ then A = [H + al)~^ satisfies ^ for all a> 0. 

If the conditions of both theorems are satisfied, it follows that the operator H 
is affiliated with S. 

Theorem 3 If lim\x\^oo = then A = {H + al)^^ satisfies (QP but not 

^ for every a > 0. Hence the operator H is affiliated with V hut not with £. 




V. 
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2 Proof of Theorem 1 and a generalization 



In this section we start by proving Theorem [H and then formulate and prove 
a more general theorem that has potential for being extended to higher order 
elliptic operators. 

Proof of Theorem [1] We start by observing that it is sufficient to prove that 
^-m ^ p for all t > 0, because {H + al)'^ = e'^'-^+^^Mt in norm. 

We start by defining a new Riemannian metric on R^ by ds = a(x)~^/^dx, 
where dx is the standard Euclidean metric. The associated Riemannian volume 
element is dvol(x) = a{x)~'^^'^d^x where d^x is the Euclidean volume element. 
One sees immediately that 

Qif)= [ |V„/(x)|V(x)Mvol(x), 11/11^ = / |/(x)|V(x)Mvol(x) 
Jun Jr.n 

where V„/ is the gradient of / with respect to the new metric and cr(x) = 
a(a;)^/^. If the distance function with respect to the new metric is denoted by 
d{x, y) then the uniform bound < a{x) < c implies that 

d{x,y) > c^^/^|x — y\ for all x, y ^ R^. (5) 

If we define the distance d{E, F) between two closed subsets E, F of R^ by 

d{E,F) = m{{d{x,y) : x e E, y e F}, 

we are able to apply Lemma 1 of [5J. This states that if = e""^*^^'^) for 
some a > then 

||0e-^V|| < e'^^'UfW 
for every / G L^(R^) and t > 0. 

Let Pe denote the operator on obtained by multiplying by the characteristic 
function of E, and similarly for F. We claim that 

WPEe-'^'PpW < e-'^^^'^)'/^* (6) 

for all t > 0. In order to prove this it is sufficient to establish that 

l(e-^V,^)l<e-'^(^W^*||/|| ll^ll 

for all f = PEf e L2(R^) and g = Ppg e L'^(R^). We have 

|(e-^V,^)l = |(0e-^*/,0-'^?)l 

< e"'*||0/|| llrtll 

< e°'*||/||e-"'^(^'^)||^||. 
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The proof is completed by putting a = d{E, F)/2t. 

Now let En be the unit cube in with centre n G and vertices [rii ± 
TT-Tv ± |), and let P„ be the corresponding projection. It is immediate that 
\\Pme~^^Pn\\ < 1 for all m, n e and alH > but © and together 
imply that 

where k depends on A^. The proof is completed by the use of the following 
lemma. □ 

Lemma 4 If A is any bounded operator on L^(R^) satisfying 

\\PmAPn\\ < /u(m - n) 
for all m,n E , where Xlrgz^^ /^('") < oo, then A eV. 

Proof Given r G Z^, we define Br = J2n-m=r Pm^Pn and represent L^(R^) as 
the orthogonal direct sum of the subspaces LF'{En)- It follows directly from the 
definition of the operator norm that ||-Br|| < and hence that ^.^gziv = 
A as a norm convergent series of operators. It remains only to prove that each 
Bj. satisfies ([T]) and hence lies in V. 

One can prove this by considering each term P^APn independently provided 
the norm convergence of VkPmAPnV-k to PmAPn is uniform with respect to 
m, n subject to n — m = r. This follows from the representation 

VkP„,APr,y.k = e-^'-"- {Vke-''-^) P^AP^ {V.^e''-'') . □ 

Our second version of Theorem [1] depends on a very general theorem, that may 
be applied to higher order elliptic operators of the type considered in [6j. 

Proposition 5 Let H be a non-negative self-adjoint operator on a Hilbert 
space H and let Q = Dom(iJ^/^) be its form domain equipped with the graph 
topology. Identify Q C Ti C Q* in the usual manner and let L : Q ^ Q* denote 
the unique continuous linear operator that extends H from Dom(if) to Q . Let 
{Vfcjfcgj^jv be a strongly continuous unitary group on Ti such that VkQ C Q for 
all k G R^. Then the restrictions V^. := Vk\Q define a Co-group of bounded 
operators on the Hilbert space Q . 

In applications the conclusions of this proposition are often as easy to verify 
as the hypothesis, but a proof may be found in [1, Proposition 3.2.5]. 

From now on we assume that the conditions of Proposition [5] are satisfied. By 
taking adjoints we see that each extends to a bounded operator Vj! on Q* 
and that the VJ^ form a Co-group of bounded operators on the Hilbert space 
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Q*. In what follows we use the same notation for these three groups, which 
of them is involved being clear from the context. 



Theorem 6 Let Lj, := VuLV^k e C{g,g*). If 



in C{Q, Q*), then 



lim IlLyfe — Lll =0 



\un\\VMH)V^k-^iH)\\=0 

fc->0 



in CiTi) for every ip G Co(R). 

Proof A standard argument involving the Stone- Weierstrass theorem shows 
that it suffices to consider the case ^p{H) = {H + I)^^ = R. It is easy to see 
that for each k G we have 



Rk '■= VkRV-k = (Lk + /) ^1^. 



Hence 



\\Rk-R\\ = ULk + I)-'\n-{L + I)-%\\ciH) 

< + iy^\\c{g'-,g)\\L - Lk\\c{g,g'-)\\{L + iy'^\\c{g*,g) 

< C\\L - Lk\\c{g,g'-) 

for some constant C that is independent of k subject to \k\ < 1; this uses the 
fact that the group Vk is of class Cq in Q and Q*. □ 

In the following theorem and elsewhere Ai denotes the set of non-negative, 
real, self-adjoint N x N matrices. The closability assumption of the next 
theorem holds if for every ball B C there exists a constant cb > such 
that a{x) > cbI for all x E B; see [4i Theorem 1.2.6]. 

Theorem 7 Let a : R^ — )■ 6e a bounded measurable function and suppose 
that the quadratic form 

N 

Q{f)=Y.^Prf,ar,sPsf) (7) 

on C^(R^) is positive and closable, where Pr = — ^gf-- If H is the self-adjoint 
operator associated to the closure then A = {H + al)~^ satisfies ^ for all 
a > 0. 
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Proof The form domain ^ of is the completion of C^(R^) for the norm 
(Qif) + WfVY^^- Formally L : Q ^ g* is given by 

N N 

L = Prttr^sPs and VkLV^k = {P + Cir,s{P + k) g 

r,s=l r,s=l 

Therefore VkLV^k is a quadratic polynomial in G R^. The only thing one 
still has to prove in order to apply Theorem E] is that Q is stable under the 
multiplication operators Vk = e^^'^ . This follows directly from the inequality 

QiYkf) = I |P/ + fc/|^(,.)dx 

< 2 I |P/|^(^)dx + 2 J |fc/|^(,)dx 

< 2Q{f) + C\k\' 

\a{x) 



where | ■ \a(x) is the norm on associated to the quadratic form a^^s- D 



3 Proof of Theorem 2 and a generalization 

Proof of Theorem [2] Let H he a non-negative self-adjoint operator acting in 
L2(R^, d^a;). Assume that H > Hq = c(-A)™ in the sense of quadratic forms 
for some c > and some positive integer m. This implies that 

A = iHo + iY/\i + Hy'/^ 

is bounded by ^ Section 4.2]. Therefore 

\\{Us-I){H + I)-'\\ = \\{Us-I){Ho + I)-'/'A{H + I)-'/^ 

< c\\{Us-I){Ho + ir'/'\\. 
= sup |(e^^-«- 1)(1 + 

by the use of the Fourier transform. The final expression converges uniformly 
to zero as s — >■ by an elementary argument. □ 

The proof of Theorem [2] can be extended to higher order elliptic operators, 
but it actually holds in much more generality. Let H = L^{R^,d^x) and 
let U denote the class of all continuous functions / : R^ — )■ [l,c>o) such that 
lim|fe|_^oo /(fc) = +00. We define f{P) to be the unbounded positive self-adjoint 
operator defined in by 
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where T is the Fourier transform and Dom(/(P)) is the set of all ■?/' G "H such 
that 

The following theorem is in [HI Lemma 3.8], but the proof below is adapted 
from [2], which only treats the case in which A is compact. 

Theorem 8 The hounded self-adjoint operator A satisfies ([^ if and only if 
there exists f ElA such that Ran(74) C Dom(/(P)). 

Proof Suppose that such an / exists. The function g{k) = {f{k)}~^ is a 
positive continuous function in Co(R^) and 

\\U,A-A\\ = mg{P)-9iP))f{P)A\\ < \\UMP) - 9iP)\\ 11/(^11- 

This converges to zero in norm as s — ?■ because (e*^'^ — l)g{k) converges 
uniformly to as s —t- 0. 

Conversely suppose that A lies in the set 13 of all operators satisfying li h 
lies in the Schwartz space S then 

h{P)A= [ h{x)U^Ad^x 

where h is the inverse Fourier transform of h and the integrand is norm con- 
tinuous. Putting ht{k) = * where t > 0, or equivalently 

the assumption that A & B implies that 

\im\\hAP)A - A\\ =0. 

Now let tn be a sequence such that < t„ < 1/2" and \\{I-htSP)}A\\ < 1/2" 
for all n > 1. If 

M 
n=l 

then /jv/ is a continuous function on satisfying 1 < fuik) < M + 1 for all 
k and lim|fc|^oo fnik) = M + 1. Moreover 

M 

\\fM{P)A\\<l + Y,\\{I-h,,XP)}A\\<2 

n=l 
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for all M. Uke then 



0<l-ht (k) = l- e"l^l'*" < ^ 

so the sequence /m increases monotonically and locally uniformly to a con- 
tinuous limit /. This function / satisfies 1 < f{k) < 1 + for all k and 
lim|fc|_^oo /(^) = +00. An application of the closed graph theorem finally es- 
tablishes that \\fiP)A\\ < 2. □ 



4 Proof of Theorem 3 and a generalization 

Theorem [3] is a special case of the following theorem, which can easily be 
adapted to higher order elliptic differential operators written in divergence 
form. 

Theorem 9 Let a : Ai be a bounded measurable function such that the 

quadratic form Qq defined on C^(R^) by ^ is closable. If H is the positive 
self-adjoint operator associated to its closure then H is affiliated with V. If 
there is a sequence of points c„ G R^ such that c„ — )■ oo and a sequence of 
real numbers r„ — )■ oo such that sup|3.._^^j<^^ \'^{.^)\ ^ 0, then H is not affiliated 
with £. 

Proof The first statement of the theorem is contained in Theorem [71 Let if„ = 
Uc„IIU^c„ where c„ G R^ are as stated. The assumptions of the theorem imply 
that lim„^oo(^^n/, /) = for all / G Cl(R^). Equivalently lim„^oo Hn^^f = 
for all / G C^(R^). Then for such / we have 

f-iH'J' + I)-'f = iH^/' + irHl/^f 

hence i?„. = {Hn"^ + I)~^ converges strongly to / as n — )■ oo. 

Denote R = (H^^'^+I)~^ and suppose that for each e > there exists S > such 
that |s| < S implies \\{Us - I)R\\ < e. Clearly (f/, - J)i?„ = t/,„(?7, - I)RU_c„ 
so \\{Us — I)Rn\\ = WiUg — I)R\\- Letting n — )• oo in the formula 

||(f/,-/)i?„/|| <5||/||, 

valid for all / G L'^{K'^), we obtain \\{Us - I)f\\ < e\\f\\ under the same 
conditions on s. But \\Us — I\\ =2 for all s ^ 0; the contradiction implies 
that R does not satisfy ([2]). Therefore R ^ S. An application of the functional 
calculus finally implies that {H + J)~^ ^ S, so H is not affiliated with S. □ 

The following comments can be used to give an alternative proof of Theorem 
and might be of value in other contexts. 
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Lemma 10 Let {c„} be a sequence (or a net) of points in and S a bounded 
operator on L^(R^) such that the weak limit \im„Uc„SU^c„ — T exists. If 
S eV then T eV. If S e £ then T eS. 

Proof If ,5^ = U^SU-,, then VkS^^V-k = U^cVkSV-kU-a, hence \\VkS:cV-k-Sa,\\ = 
yVfejS'y-fc — S\\. Thus a f,g G L"^ arc of norm one then by going to the hmit 
along a; = c„ in the inequahty |(/, {VkSxV^k — Sx)g)\ < || VfcS'y_fc — 5*11 we obtain 
||VfcT\/_fc — T|| < ||VfcS'K_jfc — S\\. This clearly implies the first assertion of the 
lemma. The supplementary argument needed for the second part is similar: 
from the obvious ||(C/, = \\{Us-I)S\\ we get \\{Us-I)T\\ < \\{Us-I)S\\ 
hence the result. □ 

Corollary 11 Let H be a self-adjoint operator affiliated with V or S. Assume 
that there are a self-adjoint operator H and a sequence (or a net) of points 
Cn e such that lim„ Uc^HU^cn — H in the weak resolvent sense. Then H 
is affiliated with V or £ respectively. 



5 Some examples 

In this section we study the theorems of this paper in one dimension, which is 
particularly simple because the Riemannian metric may be evaluated explicitly 
in that case. 

We assume that H acts in L^(R, dx) according to the formula 

where a : R — )■ (0, cxo) is a continuously differentiable function. More precisely 
H is taken to be the Friedrichs extension of the operator defined initially on 
C^(R), and it is associated with the closure of the quadratic form 

W)= / aix)\f{x)\'dx 

defined initially on C^(R). We do not assume that a(-) has a uniform positive 
upper or lower bound, so H might not be affiliated with either T> or S. 

We now make the change of variable 

s{x) = / a{u)^^^'^ du 
Jo 
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so that a < s < /3 where — oo < a < < /3 < oo. If we put g{s) = f{x{s)), 
then 



\fix)\'dx = ngis)\Msfds 

R J a 

Qif) = \g'{s)\Msrds 

J a 

where a{s) = a{xY^^. 

The advantage of the representation ([8]) below is that it often enables one to use 
the well-developed theory of Schrodinger operators to determine the essential 
spectrum of K and hence of H. 

Theorem 12 The operator H lies in V where this algebra is the norm clo- 
sure of the operators that have finite range in the sense of 16], as measured 
by the Euclidean metric associated with the variable s. If a is twice continu- 
ously differentiable, then H is unitarily equivalent to the operator K acting in 
ds) according to the formula 

{Kh){s) = -h"{s) + V{s)h{s) (8) 

and subject to Dirichlet boundary conditions, where V{s) = a"{s)/cr{s). 

Proof The first part of the theorem follows the same line of argument as 
the first proof of Theorem [T] The second part is an application of [4J; one 
has to put V = X in the proof of Theorem 4.2.1. The unitary operator 
U : L^{{a, 13), a(s)Ms) ^ L^{{a, ds) is defined by (f//)(s) = a(s)/(s). □ 

Example 13 The case a{x) = e~^^ is particularly simple, because we may 
then vary the above definition slightly by putting s{x) = e^, where s lies in 
(0, oo). We have a{s) = s'^^"^. The new metric is given by 



X2 I 



d{xi,X2) = |e^^ - e 

in the x variable. The fact that H is affiliated with V may be interpreted as 
saying its resolvent has finite range if unit balls are stretched for large negative 
X and compressed for large positive x. 

If we put h{s) = s^/^/(s) then we obtain 



|/(s)|V(s)Ms = / \h{s)\'ds 
Jo 

ir(s)|V(s)Ms = r (\h'{s)\' + ^^\h{s)\']ds. 
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In this representation the operator H becomes 

{Kh){s) = -h"{s) + ^^h{s) (9) 

subject to Dirichlet boundary conditions at and oo. The positivity of the po- 
tential imphes that the (non-negative) Green function of {K + I)~^ is pointwise 
bounded above by the Green function of 

{Koh){s) = -h'\s) 

and similarly for the heat kernels. This provides an independent check that 
H is affiliated with V. The formula ([9]) also allows us to conclude that the 
spectrum and essential spectrum of H equal [0, oo). □ 

Example 14 A similar exact calculation may be carried out in the Hilbert 

space lv^((0, oo), dx) for a(x) = x", where < a < 2. Putting /3 = 1 — a/2 G 
(0,1), the new variable s = x^//3 ranges from to oo. The corresponding 
metric is 

d{xi, X2) = l3~ 

which is much larger than the Euclidean metric near and much smaller for 
large Xi, X2. □ 



6 A more general context 

It is interesting to note that one can give descriptions of the algebras V and 
S that are independent of the vector space structure of R^. This allows one 
not only to replace by a general metric space, but also to define certain 
C*-subalgebras of V with which non-uniformly elliptic operators are affiliated. 

Let X be a metrizable, locally compact, but non-compact space equipped with 
a Radon measure /i whose support is equal to X. This fixes the Hilbert space 
L^(X). Assume that d is a proper metric compatible with the topology on X 
such that sup 2; /i(-B^(r)) < 00 holds for any closed ball B^{r) (proper means 
that any closed bounded set is compact). One says that a bounded operator A 
on L'^{X) has d- finite range if there exists r > such that PeAPf = for all 
closed sets E, F such that d{E, F) > r. If X is a manifold this is equivalent to 
assuming that the distribution kernel of A has support in {{x, y) : d{x, y) < r}. 
We associate to d two C*-algebras of operators on L'^{X) by the following rules 
[HI [7]: T>{d) is the norm closure of the set of d-fimte range operators and S{d) 
is the norm closure of the set of (i-finite range operators which have bounded 
d-uniformly continuous integral kernels. Our next proposition shows that these 
definitions provide natural generalizations of the algebras V and £ considered 
before. 
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Proposition 15 If X = and de denotes the Euclidean metric on X then 
V = V{d^) andS = S{de). 

Proof The description of V in terms of operators of finite range appears in 
[6]. The identity V = Vi^de) is a particular case of [3 Proposition 7.4]; the 
proof is particularly simple when X = R^. The identity S = £{de) follows 
from [7, Proposition 6.5]. Note that the identification £ = C y\ G makes this 
part obvious. □ 

Let V and £ be the algebras associated with a triple (X, /x, d) satisfying the pre- 
ceding conditions. We say that a bounded operator A on L'^{X) has bounded 
support if there exist a G X and r > such that A = APr = PrA, where Pr is 
the projection 

/(x) if d(x, a) < r, 
otherwise. 



iPrfKx) 



The choice of a is irrelevant in this context. It is easy to show that every 
operator with bounded support lies in V. The following theorem correctly 
suggests that the norm closure B of the set of operators with bounded support 
plays the same role in V as the set of compact operators /C plays in £. 

Theorem 16 The set B is a proper, closed, two-sided ideal in V. 

Proof This is a special case of [51 Theorem 18], but we give a self-contained 
proof because of the importance of the result. \i A = APr = PrA and B = 
BP, = PsB then 

aA + /3B = {aA + PB)Pt = Pt{aA + /SB) 

for all a, /3 G C, where t = max{r, s}. Therefore i3 is a norm closed linear 
subspace of V. It is obviously closed under adjoints. It does not contain I 
because ||A — /|| > 1 for every A with bounded support. 

Now suppose that A = APr = PrA and that B has finite range s, so that 

PrB{I - Pr+s) = {I- Pr+s)BPr = 0. 

Then 

AB = APrB = APrBPr+s = ABPr+s 

and 

AB = PrAB + Pr+sPrAB = Pr+sAB. 

The proof that i3 is a right ideal follows by taking norm limits. The proof that 
i3 is a left ideal is similar. □ 
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One may define the spectrum of A G P at infinity to be the spectrum of 7r(yl), 
where ir : V ^ V/B is the canonical quotient map. One might even call A a 
Fredholm operator relative to V if tt{A) is invertible in V/B. 

If X = then Theorems [T] and [2] show that if one wishes to study uniformly 
elliptic operators then de is the appropriate choice of the metric. However, 
Theorem [12] shows that for some second order elliptic operators that are not 
uniformly elliptic the relevant metric can be expressed in terms of the second 
order coefficients. 

The main interest of the algebras S{d) is that the essential spectrum of the op- 
erators affiliated with them can be described in terms of asymptotic operators. 
The class of operators affiliated to T>{d) is very large, but it does not seem so 
easy to check that interesting operators are affiliated with S{d). For this rea- 
son, we will describe a class of Riemannian manifolds for which the Laplacian is 
affiliated with the corresponding algebra £{d). The following material extends 
the scope of the study of the Laplacian on three-dimensional hyperbolic space 
in [HI Theorem 44]; in that example the volume doubling condition below does 
not hold. 

Let X be a complete but non-compact Riemannian manifold equipped with its 
canonical Riemannian measure /i and distance d. Denote \4(r) = ii{Bx{r)). 
Let H be the self-adjoint operator associated to the (positive) Laplacian A and 
let ht{x,y) be the kernel of e"*''^. We assume: 

• the measure has the volume doubling property, i.e. there is a constant D 
such that Kr(2r) < DV^ir) for all x e X and r > 0; 

• the Poincare inequality holds: there is a constant P such that 

/ \f-fBir)\'dfi<Pr'[ \Vf\'dfi 

for all X G X and r > 0, where fB(r){x) = K-(r)^^ fdfi; 

• we have sup^, ^ ht{x, y) < oo for alH > 0. 

Theorem 17 Under the above assumptions on X the operator H is affiliated 
with £{d). 

Proof By using the first two conditions and [TOt Theorem 5.4.12] we see that 
there are constants C, a > such that 

ht{x,y) < CK.(Vt)"^e-"'^(^'J^)'/*, 
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In particular, the third condition is satisfied if inf^, Vx{\/t) > 0. Moreover, from 
PH] Theorem 5.4.8] we get for all x, y, z, t such that d{y, z) < y/i 

\ht{x,y) - ht{x,z)\ < Ct-''/^d{y,zrh2t{x,y). (10) 

Here C, a are some strictly positive constants. By using also the third condition 
we introduced above, we see that the integral kernel h = hi of is a bounded 
symmetric Holder continuous function, namely there is a number C such that: 

\h{x,y)-h{x,z)\<Cd{y,zr ifd{y,z)<l. (11) 

We need one more simple argument to complete the proof that e""^ G S. Let 
t > and let ^ : R — )■ R be a continuous function such that 0<^<l,^(t) = l 
if t < r, and 6{t) = if t > r + 1. We set k{x,y) = h{x,y)6{d{x,y)). Clearly 
A; is a (i-uniformly continuous (i-finite range kernel and 

/ \h{x,y) - k{x,y)\fi{dy) < / h{x,y)fi{dy) 

Jx Jd(x,y)>r 

< [ CV^il)-h-'"^^'''y^'ixidy). 

J d(x,y)>r 

Denote t = 1/a and observe that the doubling property implies Vx{\/t) < 
C{t)Vx{l). Therefore 

/ \hix,y)~kix,y)\fiidy)< [ CC(t)- V.(v^)- V^^^'^^^Vl^^?/)- 

Jx •Jd{x,y)>r 

Then from Lemma 5.2.13] we obtain 

! \h{x,y)-k{x,y)\fi{dy)<Ke-''^'/' 
Jx 

for some constant K independent of 6 and r. From the Schur lemma it follows 
that ||e~'^ — Op(A;)|| < Ke'""^ where Op{k) is the operator on with kernel 
k. Since Op{k) e £{d) and r > is arbitrary, we get e~^ G £{d). □ 

Acknowledgements We thank El Maati Ouhabaz for helpful discussions of 
the material relating to Theorem [T71 
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C*-algebras associated with 
some second order differential operators 

E B Davies* V Georgescu^ 

O 
(N 

Ch , Abstract 

We compare two C*-algebras that have been used to study the essen- 
tial spectrum. This is done by considering a simple second order elliptic 
differential operator acting in L^(R^), which is affiliated with one or 
p I . both of the algebras depending on the behaviour of the coefficients. 

^ \ MSG subject classification: 46Lxx; 47Bxx; 81Q10; 35P05. 

Key words: spectral analysis, essential spectrum, C*-algebra, elliptic differen- 
tial operator. 
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> 

^ : 1 Introduction 

00 

^ \ In the last few years several papers have been written showing that many of 

2 \ the operators arising in quantum theory lie in one of two C*-algebras, which we 

call T> and each of which contains a wealth of closed two-sided ideals. The 
ideals are defined by considering the asymptotic behaviour of the operators 
concerned in various directions at infinity. The ideals allow one to subdivide 
^ \ the essential spectrum of operators in either algebra into various geometrically 

specified parts. The key papers in this context include [6l [8] and other papers 
cited there. 

This paper arose from exchanges between the authors about which of the two 
C*-algebras was better suited to studying the spectrum at infinity of various 
operators, particularly elliptic differential operators. The contents flesh out 
their eventual conclusion: the smaller algebra, suffices for a wide range of 
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uniformly elliptic operators, but the larger algebra, V, is needed in a number 
of more singular applications. 

In this paper we compare V and S under the assumption that they are con- 
tained in C{l-L) where H = L^(R^,d^a;). The algebra V is defined to be the 
set of all A G CiTi) such that 

lim \\VkAV-k - ^11 = (1) 

fc^-O I'll 

where Vkf{x) = e^^'^f{x) and k G R^. Equivalently Vk = e^^'^ where Q is the 
position operator. The algebra £ is the set of all A G P satisfying the further 
conditions 

lim||[/,A- All = 0, \mv\\U,A* - A*\\={]. (2) 

where Usf{x) = f{x + s) and s G R^. Equivalently Ug = e*'^'^ where P is the 
momentum operator. One may also write S = C xi G, which is the C*-algebra 
associated with the action of the group G of all space translations Ug on the 
algebra C of all uniformly continuous bounded functions on R^; see [11] for 
details. Note that S contains every operator of the form f{Q)g{P) where f & C 
and g G Co(R^). 

The algebras V and £ play a remarkable role in the description of the essential 
spectrum of partial differential operators, cf. [6],|8]. For example, consider the 
following natural question: under what conditions is the essential spectrum 
acss{H) of a self-adjoint operator H on L^(R^) determined by its 'asymptotic 
operators', obtained as limits at infinity of its translates? More precisely, we 
say that is an asymptotic operator of H if there is a sequence c„ G R''^ with 
|c„| — )• oo such that Uc„HU*^ converges in strong resolvent sense to H;^. We 
refer to [H [9] for recent results on this question and for other references and 
note the following simple answer given in [8]: if if is affiliated with £ then 

a,UH) = M a{H^), (3) 

where [J means the closure of the union. 

Note that if if is a self-adjoint operator on some Hilbert space "H and ^ is a C*- 
algebra of operators on "H then H is said to be affiliated to A if {H — z)"^ ^ A 
for some complex number z ^ cr(ii') (then this clearly holds for all such z). 

Although one may also use V to study the essential spectrum, the identity 
([3]) need not hold for operators in V. For example, if lies in the space Co 
of continuous functions vanishing at infinity, then (^{Q) G V and the only 
asymptotic limit of (p{Q) is 0, but the essential spectrum of 4>{Q) is the closure 
of the range of 0. We shall see that similar phenomena occur for differential 
operators; see Theorem M and Section O In this context it is relevant that if 
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G C then 0(Q) G V but 0(Q) ^ £^ unless = 0. In particular the identity 
operator does not lie in £. 

It might be thought that the failure of ([3]) for P rules out the use of V to 
investigate the essential spectrum of operators, but this is not the case. The 
paper [6] associates a closed two-sided ideal Js with every non-empty open 
subset S in (or the relevant underlying space) and then defines as{A) for 
every A G P to be the spectrum of the image of A in the quotient algebra 
T>l Jg. It is shown in [^l Theorem 18] that Js contains all compact operators 
on L^(R^, d^x), but the same proof implies that it contains 0(Q) for all G Cq. 
Indeed Js contains all operators in V> that have compact support in on the 
left and the right in a certain natural sense; see [HI Lemma 12]. If A G P then 
Osi^-A) captures that part of the essential spectrum of A that is associated with 
a 'direction' at infinity determined by the set S. See also Theorem [TBI and the 
comments after it. 

This paper aims to clarify the role that the two algebras play in connection 
with certain second order elliptic differential operators; the methods can be 
adapted to higher order operators under suitable assumptions. The simplest 
results that we obtain are Theorems 1, 2 and 3 below. We also present some 
further theorems that involve variations of the technical assumptions needed 
to treat more general differential operators; see particularly Section O 



We start by considering the Friedrichs extension of a non-negative symmetric 
operator defined on C^(R^) by 



{E^j){x) = -V • (aV/)(x) = -a{x)Af{x) - Va{x) ■ V/(x). (4) 



More precisely let a : R^ — > (0, oo) be a function and let Qo denote the 
quadratic form associated with Hq. It is defined on C^(R^) by 



The form Qo is closable in L^(R^) and its closure Q is associated with a non- 
negative self-adjoint operator H, called the Friedrichs extension of Hq. And H 
is affiliated with V (or with S) if {H + al)~^ lies in the relevant algebra for 
some, or equivalently all, a > 0. 

Under the assumptions above our main theorems are as follows. 

Theorem 1 // there exists a constant c > such that if < a{x) < c for all 
X G R^ then A = {H + al)~^ satisfies (QP for all a > 0, so H is affiliated with 



Theorem 2 // there exists a constant c > such that c < a{x) < oo for all 
X G R^ then A = {H + al)'^ satisfies ^ for all a> 0. 




V. 
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If the conditions of both theorems are satisfied, it follows that the operator H 
is affiliated with £. 

Theorem 3 // lim|^.|_^oo = then A = {H + al)^^ satisfies (QP but not 
^ for every a > 0. Hence the operator H is affiliated with V hut not with £. 



2 Proof of Theorem 1 and a generalization 

In this section we start by proving Theorem [1], and then formulate and prove 
a more general theorem that has potential for being extended to higher order 
elliptic operators. 

Proof of Theorem [T] We start by observing that it is sufficient to prove that 
^^Ht ^ 2) for all t > 0, because {H + al)-^ = e'^'^^+'^^^dt in norm. 

We start by defining a new Riemannian metric on by ds = a{x)~^^'^dx, 
where dx is the standard Euclidean metric. The associated Riemannian volume 
element is dvol(x) = a{x)~'^^'^d^x where d^x is the Euclidean volume element. 
One sees immediately that 

Q(/)= / |V„/(a;)|V(x)Mvol(x), ||/||^ = / |/(a;)| V(a;)Mvol(a;) 

where V„/ is the gradient of / with respect to the new metric and cr{x) = 
a(a;)^/^. If the distance function with respect to the new metric is denoted by 
d{x, y) then the uniform bound < a{x) < c implies that 

d{x, y) > c^^^^|x — y\ for all x, y E R^. (5) 

If we define the distance d{E, F) between two closed subsets E, F of R^ by 

d{E,F) = mi{d{x,y) : x e E, y e F}, 

we are able to apply Lemma 1 of [5]. This states that if = e°'<^i^<^) for 
some a > then 

for every / G L^(R^) and t > 0. 

Let Pe denote the operator on H obtained by multiplying by the characteristic 
function of E, and similarly for F. We claim that 

WPEe-'^'PFW < e-'^^^'^)'/^* (6) 
for all t > 0. In order to prove this it is sufficient to establish that 

|(e-^V,^)|<e-'^(^'^)^/^*||/|| \\g\\ 
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for all f = PEf e L2(R^) and g = Ppg e ^^(R^). We have 

|(e-^V,^?)l = |(0e-^V,0-Ml 

< e"'i0/|| llrtll 

< e"'*||/||e-"'^(^'^)||^||. 

The proof is completed by putting a = d{E, F)/2t. 

Now let En be the unit cube in with centre n G and vertices [rii ± 
|, riAT ± |), and let P„ be the corresponding projection. It is immediate that 
\\Pme-"^Pn\\ < 1 for all m, n e and allt > but P and © together 
imply that 

II p p-Ht p II < -(|m-n|-fc)V4rf 
II -'nil — ^ 

where A; depends on A^. The proof is completed by the use of the following 
lemma. □ 

Lemma 4 If A is any bounded operator on L^(R^) satisfying 

\\PmAPn\\ < Ai(m - n) 
for all m,n E Z^, where Xlrez^ /^('") ^ ^hen A eV. 

Proof Given r G Z^, we define Br = J2n-m=r Pm^Pn and represent L^(R^) as 
the orthogonal direct sum of the subspaces L^(i?„). It follows directly from the 
definition of the operator norm that ||-Br|| < f^{r) and hence that Xlrez'^ = 
y4 as a norm convergent series of operators. It remains only to prove that each 
Bj. satisfies ([T]) and hence lies in V. 

One can prove this by considering each term PmAPn independently provided 
the norm convergence of VkPmAPnV^k to PmAPn is uniform with respect to 
m, n subject to n — m = r. This follows from the representation 

VkPmAPnV.k = e-^'^-^ (Vfce-*'^-™) P^APn (V.^e^'^-") . □ 

Our second version of Theorem [T] depends on a very general theorem, that may 
be applied to higher order elliptic operators of the type considered in [6]. 

Given a non-negative self-adjoint operator if on a Hilbert space H, we shall 
use the following concepts and notation freely. Let Q = Dom(i7^/^) be its form 
domain equipped with the graph topology. Identify ^ C 7^ C ^* in the usual 
manner and let L : Q ^ Q* denote the unique continuous linear operator that 
extends H from Dom(ii) to Q. 

Proposition 5 Let {Vk}keR^ ^ strongly continuous unitary group on H 
such that VkQ C Q for all k G R^. Then the restrictions := Vk\Q define a 
Co-group of bounded operators on the Hilbert space Q . 
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In applications the conclusions of this proposition are often as easy to verify 
as the hypothesis, but a proof may be found in [U Proposition 3.2.5]. 

From now on we assume that the conditions of Proposition O are satisfied. By 
taking adjoints we see that each Vk extends to a bounded operator V^' on Q* 
and that the V^' form a Co-group of bounded operators on the Hilbert space 
Q*. In what follows we use the same notation Vk for these three groups, which 
of them is involved being clear from the context. 

Theorem 6 Let := VkLV^k e C{g,g*). If 

lim IlLfe — Lll =0 

fc-i^O 



in Q*), then 



\im\\VMH)V.k-^{H)\\=0 

fc-s-O 



in CiTi) for every ip G Co(R). 

Proof A standard argument involving the Stone-Weierstrass theorem shows 
that it suffices to consider the case ^p{H) = [H + = R. It is easy to see 
that for each k G we have 



Rk := VkRV.k = {Lk + /) 



Hence 



\\Rk-R\\ = \\{Lk + I)-'\H-{L + I)-^\H\\ci.H) 

< IK-^fc + iy^\\c{g',g)\\L - Lk\\c{g,g')\\{.L + lY^\\c{g*,g) 
— C\\L — Lk\\c(g,g'') 

for some constant C that is independent of k subject to \k\ < 1; this uses the 
fact that the group Vk is of class Cq in Q and Q*. □ 

In the following theorem and elsewhere Ai denotes the set of non-negative, 
real, self-adjoint N x N matrices. The closability assumption of the next 
theorem holds if for every ball B C there exists a constant cb > such 
that a{x) > cbI for all x E B; see [H Theorem 1.2.6]. 

From this point onwards we put Pr = —i-^, abandoning the convention that 
Pr denotes a projection, unless this is explicitly stated. 

Theorem 7 Let a : R^ Ai be a bounded measurable function and suppose 
that the quadratic form 

N 

Q{f)=Y,{Prf,ar,sPsf) (7) 

r,s=l 
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on C^(R^) is positive and closable. If H is the self-adjoint operator associated 
to the closure then A = {H + al)~^ satisfies (QP for all a > 0. 

Proof The form domain Q of H is the completion of C^(R^) for the norm 
(Qif) + ll/in^^^- Formally L : G ^ G* is given by 

N N 

L = ^ Pr-ar^sPs and VkLV^k = (-P + ar,s(-P + k)s 

r,s=l r,s=l 

Therefore VkLV-k is a quadratic polynomial in G R^. The only thing one 
still has to prove in order to apply Theorem [6] is that Q is stable under the 
multiplication operators Vk = e*^ *^. This follows directly from the inequality 

QiVkf) = I \Pf + kf\l^,)dx 

< 2 J |P/|^(,)dx + 2 J \kf\l^,)dx 

< 2Q{f) + Cmfr 

where | ■ \a{x) is the norm on associated to the quadratic form ar,s(x). □ 

3 Proof of Theorem 2 and a generalization 

Proof of Theorem [2] Let if be a non-negative self-adjoint operator acting in 
L^(R^, d^a;). Assume that H > Hq = c(— A)"* in the sense of quadratic forms 
for some c > and some positive integer m. This implies that 

A={Ho + lY/\l + H)-'/^ 

is bounded by [3], Section 4.2]. Therefore 

\\{Us~I){H + I)-'\\ = \\{Us-I){Ho + I)-'/'A{H + I)-'/^ 

< c\\{Us-I){Ho + I)-'/'\\. 
= c sup |(e^"«- 1)(1 + leP'")"'/'! 

by the use of the Fourier transform. The final expression converges uniformly 
to zero as s — )■ by an elementary argument. □ 

The proof of Theorem [2] can be extended to higher order elliptic operators, 
but it actually holds in much more generality. Let H = L^{R^,d^x) and 
let U denote the class of all continuous functions / : R^ — )■ [1, oo) such that 
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lim|fc|_j.oo f{k) = +00. We define /(-P) to be the unbounded positive self-adjoint 
operator defined in "H by 

where J-' is the Fourier transform and Dom(/(P)) is the set of all G "H such 
that 

/ \f{k){J^m)\'d''k<oo. 

The following theorem is in |8l Lemma 3.8], but the proof below is adapted 
from [2], which only treats the case in which A is compact. 

Theorem 8 The bounded self-adjoint operator A satisfies ^ if and only if 
there exists f eU such that Ran(y4) C Dom(/(P)). 

Proof Suppose that such an / exists. The function g{k) = {f{k)}~^ is a 
positive continuous function in Co(R^) and 

\\UA-A\\ = \m9{P)-9{P))f{P)A\\ < \\UMP) - 9iP)\\ \\f{P)A\\. 

This converges to zero in norm as s — >■ because (e**''^ — l)g{k) converges 
uniformly to as s — )■ 0. 

Conversely suppose that A lies in the set B of all operators satisfying i^. If h 
lies in the Schwartz space S then 

h{P)A= I h{x)U^AA^x 

where h is the inverse Fourier transform of h and the integrand is norm con- 
tinuous. Putting ht{k) = * where t > 0, or equivalently 

the assumption that A & B implies that 

\iui\\hAP)A- A\\ =0. 

Now let tn be a sequence such that < t„ < 1/2" and ||{/ - (P)}A|| < 1/2" 
for all n > 1. If 

M 

f,,{k) = i + Y,{^-h,M) 

n=l 
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then /m is a continuous function on satisfying I < fnik) < M + 1 for all 
k and \im\^_^oo fuik) = M + 1. Moreover 

M 

\\fM{P)A\\<l + Y.\\{^ -htAP)]A\\<2 

n=l 

for all M. If A; G then 

(fc) = l-e-l'^l^*"<^ 

so the sequence J'm increases monotonically and locally uniformly to a con- 
tinuous limit /. This function / satisfies 1 < f{k) < 1 + for all k and 
lim|fc|_^oo /(^) = +00. An apphcation of the closed graph theorem finally es- 
tablishes that II /(P) All < 2. □ 



4 Proof of Theorem 3 and a generalization 

Theorem [3] is a special case of the following theorem, which can easily be 
adapted to higher order elliptic differential operators written in divergence 
form. 

Theorem 9 Let a : R^ —^Aibea bounded measurable function such that the 
quadratic form Qq defined on C^(R^) by ([^ is closable. If H is the positive 
self-adjoint operator associated to its closure then H is affiliated with V. If 
there is a sequence of points Cn € R^ such that c„ — )■ oo and a sequence of 
real numbers r„ — > oo such that sup|^._c^|<^^ 0, then H is not affiliated 

with S. 

Proof The first statement of the theorem is contained in Theorem [71 Let Hn = 
Uc„HU-c„ where c„ G R^ are as stated. The assumptions of the theorem imply 
that \imn^^{Hnf, f) = for all / G Ci(R^). Equivalently lim^^^, H^J^f = 
for all / G C^(R^). Then for such / we have 

hence Rn = {Hn"^ + I)^^ converges strongly to / as n — )■ oo. 

Denote R = (H^^'^+I)^^ and suppose that for each e > there exists S > such 
that |s| < 5 implies ||(f/, - /)i?|| < e. Clearly (f/, - = Uc^iU^ - I)RU.c„ 
so \\{Us — /)-Rn|| = ||(f^s — -^)-R||- Letting n — )• oo in the formula 

\\{U,-I)RJ\\<e\\f\\, 
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valid for all / G L^(R^), we obtain \\{Us — I)f\\ < £\\f\\ under the same 
conditions on s. But ||f/s — /|| = 2 for all s ^ 0; the contradiction implies 
that R does not satisfy ([2]). Therefore R ^ S. An application of the functional 
calculus finally implies that {H + ^ S, so H is not affiliated with S. □ 

The following comments can be used to give an alternative proof of Theorem [9] 
and might be of value in other contexts. 

Lemma 10 Let {c„} be a sequence (or a net) of points in and S a bounded 
operator on L^(R^) such that the weak limit lim„ f/c„5'f/_c„ = T exists. If 
S eV then T eV. If S E £ then T e£. 

Proof If Sx = UxSU-x then VkS^V^k = U^VkSV^kU^x hence || VfeS'^.-l^-fc — S^^H = 
||\4S'V"_jt — 5*11. Thus if f,g E L"^ are of norm one then by going to the limit 
along a; = c„ in the inequality |(/, {ykSxV^k — Sx)g)\ < || VfcS'l^_A: — 5*11 we obtain 
||VfcTV_fc — T\\ < ||T4S'V^_fc — S\\. This clearly implies the first assertion of the 
lemma. The supplementary argument needed for the second part is similar: 
from the obvious || (?7, = \\{Us-I)S\\ we get \\{U,-I)T\\ < \\{U,-I)S\\ 
hence the result. □ 

Corollary 11 Let H be a self-adjoint operator affiliated with V or £ . Assume 
that there are a self-adjoint operator H and a sequence (or a net) of points 
On G such that lim„ Uc„HU-cn = H in the weak resolvent sense. Then H 
is affiliated with V or £ respectively. 



5 Some examples 

In this section we study the theorems of this paper in one dimension, which is 
particularly simple because the Riemannian metric may be evaluated explicitly 
in that case. 

We assume that H acts in L^(R, dx) according to the formula 

{Hf){x) = -A (a{x)^) 
ax \ ax J 

where a : R — )■ (0, oo) is a continuously different iable function. More precisely 
H is taken to be the Friedrichs extension of the operator defined initially on 
C^(R), and it is associated with the closure of the quadratic form 

Q(/)= / a{x)\f'{x)\'dx 
Jr. 

defined initially on C^(R). We do not assume that a(-) has a uniform positive 
upper or lower bound, so H might not be affiliated with either T> oi £. 
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We now make the change of variable 



X 



R 



s[x) = / a[u 
Jo 

so that a < s < (3 where — oo < a < < (3 < oo. If we put g{s) = f{x{s)), 
then 

\fix)\'dx = \gis)\Msfds 

Qif) = r \g'is)\'a{srds 

J a 

where a{s) = a(x)"^/''. 

The advantage of the representation ([8]) below is that it often enables one to use 
the well-developed theory of Schrodinger operators to determine the essential 
spectrum of K and hence of H. 

Theorem 12 The operator H lies in V where this algebra is the norm clo- 
sure of the operators that have finite range in the sense of ^6], as measured 
by the Euclidean metric associated with the variable s. If a is twice continu- 
ously differentiable, then H is unitarily equivalent to the operator K acting in 
ds) according to the formula 

{Kh){s) = -h"{s) + V{s)h{s) (8) 

and subject to Dirichlet boundary conditions, where V{s) = a" {s) j a{s) . 

Proof The first part of the theorem follows the same line of argument as 
the first proof of Theorem [1] The second part is an application of |5; one 
has to put V = X m the proof of Theorem 4.2.1. The unitary operator 
U : L2((a,/3),a(s)2ds) ^ ^^((a, ds) is defined by {U f){s) = a{s)f{s). □ 

Example 13 The case a{x) = e~^^' is particularly simple, because we may 
then vary the above definition slightly by putting s{x) = e^, where s lies in 
(0, oo). We have a{s) = s~^/^. The new metric is given by 

d{xi,X2) = |e^^ - e^^l 

in the x variable. The fact that H is affiliated with V may be interpreted as 
saying its resolvent has finite range if unit balls are stretched for large negative 
X and compressed for large positive x. 
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If we put h{s) = s^/'^ f{s) then we obtain 

poo roo 

/ \m\Msfds = / \h{s)\'ds 

Jo Jo 

POO poo / \ 

\f{s)\Msrds = [\h\s)\' + ^^\h{s)\''ys. 

In this representation the operator H becomes 

{Kh){s) = -h"{s) + ^^h{s) (9) 

subject to Dirichlet boundary conditions at and oo. The positivity of the po- 
tential imphes that the (non-negative) Green function of {K + is pointwise 
bounded above by the Green function of 

{Koh){s) = -h"{s) 

and similarly for the heat kernels. This provides an independent check that 
H is affiliated with V. The formula ([9]) also allows us to conclude that the 
spectrum and essential spectrum of H equal [0, oo). □ 

Example 14 A similar exact calculation may be carried out in the Hilbert 
space lv^((0, oo), dx) for a{x) = x", where < a < 2. Putting (3 = 1 — a/2 E 
(0,1), the new variable s = x^//3 ranges from to oo. The corresponding 
metric is 



d{xi,X2) = 13 ^ 



which is much larger than the Euclidean metric near and much smaller for 
large xi, X2- □ 



6 A more general context 

It is interesting to note that one can give descriptions of the algebras T> and S 
that are independent of the vector space structure of R^. This allows one not 
only to replace by a metric space, but also to define certain C*-subalgebras 
of V with which non-uniformly elliptic operators are affiliated. 

Let X be a metrizable, locally compact, but non-compact space equipped with 
a Radon measure fi whose support is equal to X. This fixes the Hilbert space 
L^(X). Assume that d is a proper metric compatible with the topology on X 
such that sup^ fi{B^{r)) < oo holds for any closed ball B^^r) (proper means 
that any closed bounded set is compact). One says that a bounded operator A 
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on L'^{X) has d- finite range if there exists r > such that PeAPp = for all 
closed sets E, F such that d{E, F) > r. If X is a manifold this is equivalent to 
assuming that the distribution kernel of A has support in {{x, y) : d{x, y) < r}. 
We associate to d two C*-algebras of operators on L'^{X) by the following rules 
[6], [7]: 'D{d) is the norm closure of the set of (i-finite range operators and S{d) 
is the norm closure of the set of (i-finite range operators which have bounded 
(i-uniformly continuous integral kernels. Our next proposition shows that these 
definitions provide natural generalizations of the algebras V and S considered 
before. 

Proposition 15 If X = and de denotes the Euclidean metric on X then 
V = V{de) andS = S{de). 

Proof The description of V in terms of operators of finite range appears in 
[0]. The identity V = V^de) is a particular case of [7^ Proposition 7.4]; the 
proof is particularly simple when X = R^. The identity S = £{dg) follows 
from [T, Proposition 6.5]. Note that the identification S = C xi G makes this 
part obvious. □ 

Let V and £ be the algebras associated with a triple {X, /i, d) satisfying the pre- 
ceding conditions. We say that a bounded operator A on L'^{X) has bounded 
support if there exist a G X and r > such that A = AP^ = PrA, where Pr is 
the projection 



The choice of a is irrelevant in this context. Denote the norm closure of the set 
of operators with bounded support by B. It is easy to show that every operator 
with bounded support lies in V, hence B <Z V. It is also clear that if X is a 
discrete space then B coincides with the set of compact operators on L'^{X) 
(note that the metric is proper). The following theorem correctly suggests that 
B plays a similar role in V as the set of compact operators /C plays in S. 

Theorem 16 The set B is a proper, closed, two-sided ideal in V. 

Proof This is a special case of P, Theorem 18], in which one takes the set S 
there to be any non-empty bounded open set in R^. □ 

In the light of this theorem, one may define the spectrum of A G P at infinity 
to be the spectrum of vr(y4), where n : V ^ V/B is the canonical quotient map. 
One might even call A a Fredholm operator relative to V if tt{A) is invertible 



If X = R^ then Theorems [T] and [2] show that if one wishes to study uniformly 
elliptic operators then d^, is the appropriate choice of the metric. However, 




in V/B. 
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Theorem [T2] shows that for some second order elhptic operators that are not 
uniformly elhptic the relevant metric can be expressed in terms of the second 
order coefficients. 

The class of operators affiliated to T>{d) is very large. The main interest of 
the algebras S{d) is that the essential spectrum of the operators affiliated with 
them can be described in terms of asymptotic operators, but it is not so easy 
to check that interesting operators are affiliated with S{d). For this reason, 
we shall describe a class of Riemannian manifolds for which the Laplacian is 
affiliated with the corresponding algebra S{d). The following material extends 
the scope of the study of the Laplacian on three-dimensional hyperbolic space 
in [HI Theorem 44] ; in that example the volume doubling condition below does 
not hold. 

Let X be a complete but non-compact Riemannian manifold equipped with its 
canonical Riemannian measure /i and distance d. Denote Vx{r) = ^{Bx{r)). 
Let H be the self-adjoint operator associated to the (positive) Laplacian A and 
let ht(x,y) be the kernel of e~^^ . We assume: 

• the measure has the volume doubling property, i.e. there is a constant D 
such that Vx{2r) < L'K(r) for all x G X and r > 0; 

• the Poincare inequality holds: there is a constant P such that 

/ \f - fBir)\'d^^ < Pr' [ \Vf\'d^^ 

for all a; G X and r > 0, where fB{r){.x) = Kr(r)~^ ^^.^ fdfi; 

• we have sup^, ^ ht{x, y) < oo for all t > 0. 

Theorem 17 Under the above assumptions on X the operator H is affiliated 
with £{d). 

Proof By using the first two conditions and [lOj, Theorem 5.4.12] we see that 
there are constants C, a > such that 

In particular, the third condition is satisfied if inf^, Vx{\/i) > 0. Moreover, from 
[T0| Theorem 5.4.8] we get for all x, y, z, t such that d{y, z) < \ft 

\ht{x,y) - ht{x,z)\ < Ct~'''^d{y,zYh2t{x,y). (10) 
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Here C, a are some strictly positive constants. By using also the third condition 
we introduced above, we see that the integral kernel h = hi of is a bounded 
symmetric Holder continuous function, namely there is a number C such that: 

\h{x,y)-h{x,z)\<Cd{y,zr M{y,z)<l. (11) 

We need one more simple argument to complete the proof that G S. Let 
t > and let 6' : R — > R be a continuous function such that 0<^<l,^^(t) = l 
if t < r, and 6{t) = if t > r + 1. We set k{x,y) = h{x,y)6{d{x,y)). Clearly 
A; is a d-uniformly continuous d-finite range kernel and 



\h{x,y) - k{x,y)\iJ,{dy) < / h{x,y)iJ,{dy) 

X Jd(x,y)>r 

J d{x,y)>r 

Denote t = 1/a and observe that the doubling property implies Vx{\/i) < 
C{t)Vx{l). Therefore 

\hix,y) - k{x,y)\^i{dy) < [ CC{t)-^Vx{Vt)-^e-'^^'y^'/' ^i{dy). 

X Jd{x,y)>r 

Then from Lemma 5.2.13] we obtain 

\h{x,y)-k{x,ymdy)<Ke-^'-''^ 



for some constant K independent of 9 and r. From the Schur lemma it follows 
that We"^ — Op{k)\\ < Ke'""^ where Op{k) is the operator on with kernel 
k. Since Op{k) G £{d) and r > is arbitrary, we get G S{d). □ 

Acknowledgements We thank El Maati Ouhabaz for helpful discussions of 
the material relating to Theorem [T71 
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